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Sudghhs Gxeh| dqg Mrkq Jhdqdnrsorv
Devwudfw
Zh ghulyh wkh h{lvwhqfh ri d Zdoudv htxloleulxp gluhfwo| iurp Qdvk*v wkhruhp
rq qrqfrrshudwlyh jdphv1 Qr sulfh sod|hu lv lqyroyhg/ qru duh jhqhudol}hg jdphv1
Lqvwhdg zh xvh d yduldqw ri wkh Vkdsoh|Vkxeln wudglqj0srvw jdph1
4L q w u r g x f w l r q
Wkh sdshu ri Qdvk ^45` rq wkh h{lvwhqfh ri htxloleulxp srlqwv lq qrqfrrshudwlyh jdphv
zdv klvwrulfdoo| fulwlfdo iru Zdoudvldq dqdo|vlv1 Lq rughu wr suryh h{lvwhqfh ri Zdoudv
htxloleulxp/ Duurz dqg Gheuhx ^5`/ ^8`/ ^9` h{whqghg Qdvk*v prgho wr jhqhudol}hg
jdphv dqg dgghg d fwlwlrxv sulfh sod|hu +zkrvh sd|r zdv wkh ydoxh ri h{fhvv
ghpdqg, wr wkh hfrqrp|1 Zdoudv Htxloleuld +ZH, zhuh wkdq rewdlqhg dv Qdvk
Htxloleuld +QH, ri d jhqhudol}hg jdph wkdw lqfoxghg wkh sulfh sod|hu1
Zh vkrz wkdw ZH h{lvw zlwkrxw vwhsslqj rxwvlgh wkh ruljlqdo iudphzrun ri Qdvk1
Lq idfw/ ZH duh wkh olplwv ri QH ri d vhtxhqfh ri jdphv +P,1Q r s u l f h s o d | h u
lv lqyroyhg qru duh jhqhudol}hg jdphv1 Wkh jdphv +P, dgkhuh frpsohwho| wr wkh
vwdqgdug irupdw odlg rxw e| Qdvk= hdfk sod|hu kdv d frpsdfw/ frqyh{ vwudwhj|0
vhw> dqg d frqwlqxrxv sd|r ixqfwlrq zklfk lv frqfdyh lq klv rzq vwudwhj|1 Zh
gr uhsodfh hdfk ruljlqdo djhqw lq wkh hfrqrp| e| d w|sh frqvlvwlqj ri d frqwlqxxp
ri lghqwlfdo djhqwv14 Exw vlqfh zh uhvwulfw wr w|sh0v|pphwulf +WV, vwudwhjlhv/ doo
phdvxuh0wkhruhwlf whfkqlfdolwlhv duh dyrlghg1 E| dq dqdo|vlv lghqwlfdo wr wkdw ri Qdvk/
zh yhuli| wkh h{lvwhqfh ri WVQH/ dqg khqfh ri d ZH1
Rxu jdph lv d yduldqw ri wkh Vkdsoh|Vkxeln wudglqj0srvw jdph +^4:`/ ^4;`/ ^4<`,1
Lw lv ghqhg e| d frqwlqxrxv pds iurp djhqwv* elgv +vwudwhjlhv, wr sulfhv dqg
ihdvleoh uhdoorfdwlrqv +rxwfrphv,1 Wr rxu plqg/ wkh prvw vdolhqw ihdwxuh ri wkh jdph0
wkhruhwlf dssurdfk lv wkdw wkhuh lv vxfk d pds= qr pdwwhu zkdw vwudwhjlhv djhqwv
fkrrvh/ d ihdvleoh rxwfrph lv dozd|v hqjhqghuhg1 Lq Zdoudvldq dqdo|vlv zh duh ohiw lq
wkh gdun dv wr zkdw kdsshqv rxw ri htxloleulxp1
Wkh vhdufk iru jdph0wkhruhwlf irxqgdwlrqv ri Zdoudv htxloleulxp kdv d orqj dqg
ulfk klvwru|1 Lq klv idprxv sdshu ri 4;6;/ Frxuqrw ^7` lqwurgxfhg d edvlf prgho lq
4Rqh pljkw hyhq dujxh wkdw wkh qrwlrq ri dq QH ehfrphv pruh yldeoh zlwk d frqwlqxxp/ iru wkhq
xqlodwhudo ghyldwlrqv ri dq| djhqw duh gurzqhg lq pdunhw djjuhjdwhv dqg duh qrw ghwhfwdeoh1 Hdfk
djhqw qdwxudoo| dvvxphv wkdw rwkhuv zloo krog wkhlu vwudwhjlhv {hg li kh ghyldwhv1 +Wkh frqwlqxxp
dovr hdvhv wkh wudqvlwlrq iurp QH wr ZH/ dw wkh whfkqlfdo ohyho1 Exw/ iru frpsohwhqhvv* vdnh/ zh dgg
d odvw Vhfwlrq 9 zklfk vkrzv wkdw rxu dqdo|vlv uhpdlqv lqwdfw zkhq d qlwh vhw ri djhqwv lv uhsolfdwhg
dqg wkh qxpehu ri uhsolfdv jrhv wr lqqlw|1,
4zklfk upv frpshwh dw d vlqjoh pdunhw e| vwudwhjlfdoo| fkrrvlqj krz pxfk rxwsxw
wr surgxfh dqg vhoo1 Wkh Frxuqrw jdph lv wkh dufkhw|sdo h{dpsoh ri d Qdvk jdph
zlwk frqwlqxrxv/ frqfdyh sd|rv1 Htxloleulxp dozd|v h{lvwv/ dqg Frxuqrw klpvhoi
revhuyhg wkdw dv wkh qxpehu ri djhqwv lqfuhdvhv/ sulfh0wdnlqj ehkdylru lv lqgxfhg
dqg ZH lv dfklhyhg lq wkh olplw1 Ehuwudqg ^6` ghqhg dqrwkhu jdph lq zklfk sulfhv
duh wkh vwudwhjlf yduldeohv/ dqg vkrzhg wkdw QH frlqflgh zlwk ZH/ surylghg wkhuh
duh dw ohdvw wzr frpshwlqj upv1 Wkh Ehuwudqg jdph/ krzhyhu/ kdv glvfrqwlqxrxv
sd|rv dqg vr lv qrw lq wkh Qdvk irupdw1
Wkh vlqjoh pdunhw dqdo|vhv ri Frxuqrw dqg Ehuwudqg zhuh h{whqghg e| pdq|
dxwkruv wr frph wr julsv zlwk pxowlsoh pdunhwv lq jhqhudo htxloleulxp1 Iroorzlqj wkh
Ehuwudqg wudglwlrq qdwxudoo| ohg wr glvfrqwlqxrxv jdphv1 Lq ^;`/ ^43`/ ^49`/ frlqflghqfh
ri QH dqg ZH zdv hvwdeolvkhg/ exw wkh dxwkruv uholhg rq wkh h{lvwhqfh ri ZH wr
vkrz wkh h{lvwhqfh ri wkhlu QH/ udwkhu wkdq wkh rwkhu zd| durxqg1
Wkh h{whqvlrq ri wkh Frxuqrw wudglwlrq wr jhqhudo htxloleulxp zdv slrqhhuhg e|
Oor|g Vkdsoh| dqg Pduwlq Vkxeln ^4:`/ ^4;`/ ^4<`1 Wkh gl!fxow| wr ryhufrph lv wkdw
dq djhqw pljkw zdqw wr vhoo lq rqh pdunhw dqg ex| lq dqrwkhu1 Krz fdq wkh Zdoudv
exgjhw vhw eh lqfrusrudwhg lq wkh jdphB Rqh srvvlelolw| lv wr lqwurgxfh d pdunhw iru
hyhu| sdlu ri frpprglwlhv/ dv lq ^4`1 Exw wklv grhv qrw qhfhvvdulo| |lhog frqvlvwhqw
sulfhv/ dqg vr wkhuh pd| eh QH zklfk duh yhu| idu iurp ZH> wkxv wkh h{lvwhqfh ri
QH grhv qrw lpso| wkdw ri ZH1 D glhuhqw dssurdfk/ wdnhq e| Vkdsoh| dqg Vkxeln/
zdv hortxhqwo| ghvfulehg e| Vkdsoh| ^4:`1
Wkh ghflvlyh vwhs zdv wr phhw wkh sureohp ri prqh| khdg rq  wr df0
fhsw wkh sursrvlwlrq wkdw/ lq wkh zruog ri ex|lqj dqg vhoolqj/ prqh| lv
uhdo1 Judqwlqj wklv/ wkh uhvw idoov lqwr sodfh zlwk uhpdundeo| ihz rwkhu
jhqhudolw|0uhvwulfwlqj dvvxpswlrqv1
Vkdsoh| dqg Vkxeln h{solflwo| lqwurgxfhg prqh| dv wkh vwlsxodwhg phglxp ri
h{fkdqjh1 Wkhlu prgho zdv fduulhg iruzdug e| vhyhudo rwkhuv/ zkr wrrn xs wkh wkhph
ri vkrzlqj wkdw FrxuqrwQdvk htxloleuld frqyhujh wr Zdoudv htxloleuld1 Fxulrxvo|/
krzhyhu/ wkh prvw gluhfw urxwh iurp Qdvk wr Zdoudv vhhpv wr kdyh ehhq plvvhg1 Lq
^:`/ ^4:`/ ^4;`/ dqg ^4<`/ wkh prqh| lv rqh ri wkh lqwulqvlfdoo| ydoxdeoh frpprglwlhv/ dqg
frqyhujhqfh rqo| rewdlqv xqghu vshfldo frqglwlrqv rq wkh hqgrzphqwv dqg suhihuhqfhv
ri wkh hfrqrp|1 Lq jhqhudo/ wkhuh pd| qrw eh hqrxjk ri wkh frpprglw| prqh| wr
vxvwdlq doo wkh ZH wudghv1 Wklv vxjjhvwv wkh lqwurgxfwlrq ri dw prqh|/ dqg lq
sduwlfxodu ri lqvlgh dw prqh|/ zklfk fdq eh eruurzhg e| doo djhqwv dqg pxvw
eh uhsdlg diwhu wudgh1 Exw/ zlwk eruurzlqj/ wkh srvvlelolw| ri ghidxow pxvw dovr eh
uhfnrqhg zlwk1 Lq ^44`/ ^46`/ dqg ^47`/ wkhuh lv lqvlgh dw prqh| dqg QH frqyhujh
wr ZH/ exw wkh jdphv gr qrw frqirup wr wkh Qdvk irupdw= kduvk/ glvfrqwlqxrxv
shqdowlhv duh lpsrvhg rq wkrvh zkr ghidxow +h1j1/ frqvfdwlrq ri doo frqvxpswlrq,/
frqyhuwlqj wkh jdph  dw erwwrp  lqwr d jhqhudol}hg jdph1 Lq ^:` dqg ^53` jhqxlqh
Qdvk jdphv duh suhvhqwhg/ zklfk dovr hqwdlo wkh frlqflghqfh ri QH dqg ZH1 Exw rqfh
djdlq wkh h{lvwhqfh ri QH lv lqihuuhg iurp wkdw ri ZH1 Lw vhhpv zruwkzkloh wr xv +dw
wkh yhu| ohdvw iurp d shgdjrjlfdo srlqw0ri0ylhz, wr ghvfuleh d vlpsoh yduldqw ri wkh
Vkdsoh|Vkxeln prgho zklfk dgkhuhv wr wkh Qdvk irupdw/ dqg zkrvh QH fdq hdvlo|
5eh vkrzq wr frqyhujh wr ZH/ xqghu wkh vwdqgdug dvvxpswlrqv rq wkh xqghuo|lqj
hfrqrp|1
Lq rxu jdph +P,/ lqvlgh dw prqh| lv wkh vroh phglxp ri h{fkdqjh/ dqg d
wudglqj0srvw lv vhw xs iru hdfk frpprglw| c 5 O lq wkh hfrqrp|1 Hyhu| djhqw w
sxwv xs klv hqwluh5 hqgrzphqw h|
￿ iru vdoh dw srvw c1 Djhqwv lqlwldoo| kdyh qr prqh|/
exw fdq eruurz xs wr P dw }hur lqwhuhvw iurp d edqn1 Wkh| wkhq fkrrvh krz pxfk
prqh| wr elg dw hdfk srvw iru sxufkdvhv1 Dq h{whuqdo djhqw dovr elgv rqh groodu dw
hdfk srvw wr wuljjhu wudgh wkhuh1 Wkh edqn dqg wkh h{whuqdo djhqw dqg wkh wudglqj0
srvwv duh doo vwudwhjlf gxpplhv1 Wkh| kdyh qr fkrlfhv wr pdnh dqg vr/ xqolnh wkh
sulfh sod|hu lq Gheuhx/ wkh| gr qrw rswlpl}h1 Sulfhv s￿ irup dw hdfk srvw c dv wkh
udwlr ri wrwdo prqh| elg wr wrwdo frpprglw| uhfhlyhg dw srvw c1
Dq djhqw w zkr elgv ￿ xqlwv ri prqh| dw srvw c uhfhlyhv {|
￿ @ ￿@s￿ xqlwv ri
frpprglw| c lq uhwxuq1 Kh dovr rewdlqv s￿h|
￿ xqlwv ri prqh| dv vdohv uhyhqxh1 Wklv
ghvfulehv krz sulfhv phgldwh wudgh1 Qrwlfh wkdw wkh wudglqj0srvwv dozd|v fohdu dqg
jhqhudwh d ihdvleoh uhdoorfdwlrq ri wkh hqgrzphqwv/ qr pdwwhu zkdw wkh djhqwv elg1
+Wkxv lq rxu vfhqdulr pdunhwv dozd|v fohdu1 Li/ lq dgglwlrq/ djhqwv rswlpl}h/ zh rewdlq
dq QH1 E| frqwudvw/ lq Zdoudvldq dqdo|vlv/ djhqwv dozd|v rswlpl}h/ dqg pdunhwv fohdu
rqo| dw ZH1,













Wkh pd{ whup uh hfwv wkh idfw wkdw k jhwv qr xwlolw| iurp frqvxplqj dw prqh|/ exw
lv shqdol}hg iru ghidxowlqj rq klv ordq1
Wkh jdph +P, ghshqgv rq wkh eruurzlqj olplw P zklfk frpsdfwlhv djhqwv*
vwudwhj| vsdfhv1 E| Qdvk*v wkhruhp/ +P, kdv d WVQH1 Dv P $4 / olplwv ri wkh
WVQH |lhog ZH1 Wklv lv vr hyhq wkrxjk wkh vwudwhj| vhwv dqg wkh ghidxow shqdowlhv duh
ghqhg frpsohwho| lqghshqghqwo| ri wkh fkdudfwhulvwlfv ri wkh djhqwv lq wkh hfrqrp|1
Zh suryh wkdw li vrph djhqwv ghidxow/ rwkhu djhqwv pxvw eh elgglqj ohvv wkdq wkhlu
vdohv uhyhqxh1 Wkh ghidxowhuv lq hhfw ure iurp wkrvh zkr hqg xs zlwk vxusoxv1 Wklv
gulyhv wkh odwwhu wr eruurz dqg vshqg xs wr wkh olplw P/ sxvklqj sulfhv s+P, kljkhu
dv P $4 1 Hyhqwxdoo| wkh ghidxow shqdow| grhv elwh dqg fkrnhv r uhdo ghidxow1
Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| jhqxlqh jdphv zkrvh QH zhuh vkrzq
wr h{lvw dqg wr frqyhujh wr ZH lq jhqhudo zhuh jlyhq e| Gxeh|Jhdqdnrsorv ^<`/
Vdkl\dr ^48`/ dqg +lqvsluhg e| Vdkl\dr, e| Vrulq ^54`1 Lq ^<` wkh prgho lqwurgxfhv
rxwvlgh prqh|/ dorqj zlwk lqvlgh prqh|/ dqg dq hqgrjhqrxv srvlwlyh lqwhuhvw udwh1 E|
hvfkhzlqj wkhvh/ wkh prgho zh suhvhqw qrz lv vlpsohu dqg uhyhdov d pruh gluhfw urxwh
iurp Qdvk wr Zdoudv1 Wkh prghov lq ^48` dqg ^54` duh dq rughu ri pdjqlwxgh pruh
frpsoh{ wkdq rxuv/ dqg dovr lpsrvh vrphzkdw vwurqjhu frqglwlrqv rq wkh xqghuo|lqj
hfrqrp|1
5Wklv vlpsolhv wkh dqdo|vlv1 Zh frxog kdyh pdgh wkh pruh uhdolvwlf dvvxpswlrq wkdw djhqwv vhoo
zkdw wkh| zdqw1 Wkh jdph zrxog wkhq jhw pruh frpsolfdwhg exw zlwkrxw dhfwlqj wkh uhvxow1
65 Zdoudv Htxloleulxp
Ohw K @ i4>===>Kj eh wkh vhw ri krxvhkrogv dqg O @ i4>===>Oj wkh vhw ri frpprglwlhv1
Iru k 5 K/ h￿ 5 Uu
n lv wkh hqgrzphqw dqg x￿ = Uu
n $ U wkh xwlolw| ri frqvxpswlrq
ri krxvhkrog k1 Zh dvvxph/ iru doo k 5 K/
+l, h￿   3
+ll, x￿ lv frqwlqxrxv/ frqfdyh dqg zhdno| prqrwrqlf +l1h1/ {   | lpsolhv x￿+{, A
x￿+|,,
+Iru uhod{dwlrqv ri +l, dqg +ll, vhh Vhfwlrq 81,
Uhfdoo wkdw +s>+{￿,￿MM, 5 Uu
nUuM
n lv d Zdoudv htxloleulxp +ZH, ri wkh hfrqrp|







{￿ 5 dujpd{ix￿+|,=| 5 E￿+s,j
iru doo k 5 K/z k h u hE￿+s, i | 5 Uu
n = s  |  s  h￿j1
6 Qdvk Htxloleulxp
Frqvlghu d frqwlqxxp ri djhqwv +3>K` pdgh xs ri w|shv +k  4>k`/ k 5 K1 Hdfk
w 5 +k4>k` kdv hqgrzphqw h| @ h￿ dqg xwlolw| x| @ x￿1 Wkh xqghuo|lqj srsxodwlrq
phdvxuh lv Ohehvjxh1
Iru hyhu| frpprglw| c 5 O/w k h u hl vd w u d g l q j 0 s r v w w rz k l f kd j h q w vv h q gf r p 0
prglw| c iru vdoh dqg +dw, prqh| iru sxufkdvh1 Iru vlpsolflw| zh vxssrvh wkdw




￿   h￿ xqlwv ri frpprglw| c1 Zh ixuwkhu vxssrvh wkhq dq h{whuqdo djhqw
sxwv xs 4 groodu ri dw prqh| dw hdfk srvw lq rughu wr wuljjhu wudgh wkhuh1 Dq|
djhqw w 5 +3>K` fdq eruurz prqh| e|
￿/ c 5 O/ dw }hur lqwhuhvw wr elg dw wkh srvwv1
Exw kh lv qrw doorzhg wr eruurz pruh wkdq P lq wrwdo1 Wkxv wkh vwudwhj|0vhw ri




￿  Pj1 V x s s r v hw k hf k r l f hr iv w u d w h j l h v
e @ ie|j|MA frqvwlwxwhv d phdvxudeoh ixqfwlrq1 Wkhq sulfhv s  s+e, 5 Uu
nn irup dw





iru c 5 O1 Hdfk srvw c fohduv dw lwv sulfh s￿+e,/v rw k d ww 5 +3>K` rewdlqv wkh
















 7 s1 Ri frxuvh/ 7 e
￿ ' e
￿ lq rxu vhwxs1
7dqg dovr rewdlqv s￿+e,h|
￿ xqlwv ri prqh| dv uhyhqxh iurp wkh vdoh ri klv hqgrzphqw
h|
￿/ ohdylqj klp zlwk wkh qhw ghflw





























n @p d { i3>g |j1W k hpd{ whup uh hfwv wkh idfw djhqwv jdlq qr xwlolw| iurp
frqvxplqj dw prqh|/ exw lqfxu glvxwlolw| iurp ghidxowlqj rq wkhlu ordqv1
Revhuyh wkdw wkh wudglqj srvwv vlpso| uhglvwulexwh hyhu|wklqj wkh| uhfhlyh1 Vlqfh
wkh h{whuqdo djhqw vhqgv O grooduv dqg qr frpprglwlhv wr wkh srvwv/ dqg uhfhlyhv

















￿   h￿ ;c 5 O
iru dq| e =+ 3 >K` $ V+P,1 Wkxv wkh wudglqj srvw phfkdqlvp jxdudqwhhv wkh ihd0
vlelolw| ri wkh qdo doorfdwlrq wr djhqwv/ qr pdwwhu zkdw wkh| elg/ dqg uhjdugohvv ri
zkhwkhu ru qrw wkh| duh rswlpl}lqj1
D phdvxudeoh fkrlfh eW =+ 3 >K` $ V+P, lv vdlg wr eh d Qdvk htxloleulxp +QH, ri




zkhuh em| l vw k hv d p hd ve h{fhsw wkdw e| lv uhsodfhg e| 1
Df k r l f he =+ 3 >K` $ V+P, lv fdoohg w|sh0v|pphwulf li e| @ e￿ zkhqhyhu w 5
+k  4>k`/d q gk 5 K1L qw k l vf d v hz hz u l w he  +e￿>===>eM,1 D w|sh0v|pphwulf QH
zloo eh ghqrwhg WVQH1
7 I u r pQ d v kw rZ d o u d v
714 H{lvwhqfh ri Qdvk Htxloleulxp
Iru dq| w|sh0v|pphwulf fkrlfh ri vwudwhjlhv e @+ e￿>===>eM, 5 +V+P,,M frqvlghu wkh





























E| v|pphwu|/ *|+e, l vw k hv d p hi r ud o ow 5 +k  4>k` d q gz hg h q r w hl w*￿+e,1I u r p
wkh idfw wkdw  grhv qrw dhfw s+e,/l 1 h 1 /s+e,@s+em|,/ lw iroorzv wkdw {|+s+e,>, dqg
8g|+s+e,>, duh olqhdu lq  +iru {hg e,/ dqg khqfh +em|, lv frqfdyh lq 1 Vlqfh V+P,
lv frqyh{/ zh frqfoxgh wkdw vr lv *￿+e,1
Zh ylhz  dv d ixqfwlrq iurp +V+P,,M V+P, wr U1F o h d u o | lv frqwlqxrxv lq
+e￿>===>e M>,1 Khqfh e| wkh pd{lpxp sulqflsoh/ wkh fruuhvsrqghqfh *￿ =+ V+P,,M 
V+P, lv frpsdfw ydoxhg dqg xsshu vhpl0frqwlqxrxv1 Wkhuhiruh/ vr lv wkh fruuhvsrq0
ghqfh * =+ V+P,,M  +V+P,,M ghqhg e| * @+ *￿>===>*M,1 E| Ndnxwdql*v wkhruhp
lw kdv d {hg srlqw zklfk lv hdvlo| vhhq wr eh d WVQH1
715 Zdoudv Htxloleuld dv Olplwv ri Qdvk Htxloleuld
Iru hdfk lqwhjhu P  4/o h we+P,@+ e￿+P,,￿MM e hdW V Q Hl q+P,/z l w ks u l f h v
s+P, dqg rxwfrphv +{￿+P,>g ￿+P,,￿MM1 Vlqfh frpprglwlhv duh frqvhuyhg e| wkh
wudglqj srvwv/
S
￿MM {￿+P,   h +zlwk wkh h{whuqdo djhqw uhfhlylqj  h
S
￿MM {￿+P,,1
Lq sduwlfxodu/ hdfk {￿+P, lv xqlirupo| erxqghg1 Ixuwkhupruh/ vlqfh dq| djhqw ri





n+P, lv dovr xqlirupo| erxqghg deryh e| x￿+ h,  x￿+3,1O h w +P,@
ik 5 K = g￿+P, A 3j eh wkh vhw ri djhqwv zkr duh uxqqlqj d ghflw/ dqg ohw







￿MjE￿￿ g￿+P,1 Vlqfh prqh| lv

















n+P, lv xqlirupo| erxqghg deryh/ dqg vr hdfk
g￿+P, lv dovr xqlirupo| erxqghg deryh1 Khqfh g￿+P, lv xqlirupo| erxqghg1
Wkxv zh pd| sdvv wr d frqyhujhqw vxevhtxhqfh zlwk {￿+P, $ {￿/ g￿+P, $ g￿/
iru doo k 5 K/d q gs+P,@mms+P,mm $ s +zkhuh mm|mm 
Su
￿’￿ m|￿m,1 Zh vkdoo vkrz wkdw
+s>+{￿,￿MM, lv d Zdoudv htxloleulxp1
Revhuyh uvw wkdw +P, 9@ ! ehfdxvh OA31 Hyhu| djhqw ri w|sh k 5 +P, pxvw
eh vshqglqj xs wr klv olplw P/ iru rwkhuzlvh kh frxog vshqg d olwwoh pruh dw hdfk
srvw/ frqvxplqj vwulfwo| pruh ri hyhu| frpprglw|/ zlwkrxw lqfxuulqj dq| ghidxow/
frqwudglfwlqj wkdw kh lv rswlpl}lqj dw wkh WVQH1 Vlqfh kh lv uxqqlqj d vxusoxv/
s+P,  h￿ AP/z k l f kv k r z vmms+P,m m$4dv idvw dv P1
Vlqfh vxusoxvhv dqg ghflwv duh xqlirupo| erxqghg lq P/ lw iroorzv lpphgldwho|
wkdw g￿+P,@mms+P,mm @ s+P,@mms+P,mm+{￿+P,h￿, $ 3/ dqg wkxv s+{￿ h￿,@3




￿MM h￿/ lw rqo| uhpdlqv wr yhuli|
wkdw li | 5 E￿+s,@i| 5 Uu
n = s  |  s  h￿j wkhq x￿+|,  x￿+{￿,1
Wdnh 3 ??41W k h q s  |  s  h￿ @ s  {￿ ?s {￿ dqg vr iru odujh P/
^s+P,@mms+P,mm`| ? ^s+P,@mms+P,mm`{￿+P,/d q gv rs+P,| ? s+P,{￿+P, 
P1 Khqfh ohwwlqj ￿




￿+P,s+P,h￿`n  ^s+P,{￿+P,s+P,h￿`n @ g￿
n+P,1V l q f he￿+P, jlyhv
d sd|r dw ohdvw dv kljk dv ￿+P,/ |hw lqfxuv dw ohdvw dv pxfk shqdow|/ x￿+{￿+P,, 
x￿+|,1 Sdvvlqj wr wkh olplw/ x￿+{￿,  x￿+|,1E x w ?4 zdv duelwudu|1 Khqfh
x￿+{￿,  x￿+|,= 
98 Iurp Qdvk wr Zdoudv lq Juhdwhu Jhqhudolw|
814 Zlwkrxw Frqfdylw|
H{whqglqj wkh jdph +P, wr qrqfrqfdyh x￿ zrxog vhhp wr eh iroo|1 Iru h{dpsoh/
li x￿ = Un $ U lv ghqhg e| x￿+{,@{2/ wkhq doo djhqwv ri w|sh k zloo zlvk wr jr
lqqlwho| edqnuxsw1 Exw wklqjv duh qrw vr edg diwhu doo1 Wkh| fdqqrw eruurz ru elg
pruh wkdq P1 Zh vkdoo vhh wkdw dq QH dozd|v h{lvwv lq +P,/ wkrxjk djhqwv ri wkh
vdph w|sh pd| fkrrvh glhuhqw +exw lqglhuhqw$, vwudwhjlhv1 Sdvvlqj wr wkh olplw dv
P $4 / zh djdlq rewdlq d ZH1
Zh uhwdlq doo wkh rwkhu k|srwkhvhv h{fhsw iru wkh frqfdylw| ri x￿1
Wr vhh wkdw dq QH ri +P, h{lvwv/ uhsodfh wkh fruuhvsrqghqfh e :$ [￿MM*￿+e,
e| e :$ [￿MMFr+*￿+e,, zkhuh Fr+*￿+e,, ghqrwhv wkh frqyh{ kxoo ri *￿+e,1W k h
frqglwlrqv ri Ndnxwdql*v wkhruhp duh vwloo phw/ vr wkhuh h{lvwv  e￿>===> eM vxfk wkdw
 e￿ 5 Fr+*￿+ e,,1 E| Fdudwkhrgru|*v wkhruhp/ wkhuh h{lvw O .4srlqwv  e￿￿>===> e￿Eun￿￿
lq *￿+ e, dqg O .4zhljkwv ￿￿>===> ￿Eun￿￿ lq Un vxfk wkdw
Sun￿
￿’￿ ￿￿ @4dqg  e￿ @ Sun￿
￿’￿ ￿￿ e￿￿1 Sduwlwlrq +k  4>k`/ iurp ohiw wr uljkw lqwr O .4frqvhfxwlyh lqwhuydov
kl ri ohqjwkv ￿￿>===>￿Eun￿￿1O h ww k hd j h q w vl qw k hklwk lqwhuydo fkrrvh wkh vwudwhj|
 e￿￿1 Wklv jlyhv xv dq QH lq zklfk hdfk w|sh lqgxojhv lq dw prvw O.4glhuhqw elgv1
Iru hdfk lqwhjhu P  4 wdnh d QH +s+P,>++e￿￿+P,>{ ￿￿+P,>g ￿￿+P,>
￿￿+P,,un￿
￿’￿ ,￿MM1 Sdvvlqj wr d vxevhtxhqfh/ zh pd| dvvxph wkdw ￿￿+P, $ ￿￿
iru doo kdqg l1
Ohw Q @ ikl = ￿￿+P, $ 3j dqg ohw J @ ikl = ￿￿+P, < 3j1W k h q
S
t￿G￿￿MC￿￿￿ @
4 iru doo k 5 K1 Ixuwkhupruh/ e| ihdvlelolw| lq +P,/ {￿￿+P, lv xqlirupo| erxqghg
dfurvv P iru kl 5 J1 Khqfh zh fdq wdnh frqyhujhqw vxevhtxhqfhv {￿￿+P, $ {￿￿ iru
doo kl 5 J1 Dovr +e| wkh rog dujxphqw, g￿￿
n+P, lv xqlirupo| erxqghg iru doo kl 5 J1
Rxu suhylrxv surri wkdw s+P, $4dv idvw dv P uhpdlqv lqwdfw1 Revhuyh qh{w
wkdw iru dq| djhqw w 5 +3>K`/k l vg h  f l wg|+P, lv erxqghg deryh dqg ehorz lqghshq0
ghqw ri w +wkrxjk qr orqjhu ri P,/ l1h1/




$ 3 iru doo kl 5 Q=
Vlqfh O.
S
￿￿M￿￿C ￿￿+P,g￿￿+P,@3dqg mms+P,mm $ 4/z hj h w
S
￿￿MC ￿￿+P,^g￿￿+P,@mms+P,mm` $
31E x w g￿￿
n+P, lv xqlirupo| erxqghg deryh iru doo kl 5 J/v rz hf r q f o x g hw k d w
g￿￿+P,@mms+P,mm $ 3 iru doo kl 5 J1
Wuhdwlqj wkh w|shv kl 5 J h{dfwo| dv rxu K w|shv hduolhu/ wkh surri surfhhgv dv
ehiruh1 Zh rewdlq d Zdoudv htxloleulxp lq wkh olplw1
815 Zlwk Txdvl0Frqfdylw|
Dvvxph wkdw wkh xwlolwlhv duh txdvl0frqfdyh1 Ohw { =+ 3 >K` $ Uu
n eh d ZH doorfdwlrq
zlwk sulfhv s/ dv lq Vhfwlrq 814 deryh1 Ghqh  {￿ @
U ￿
￿3￿ {|gw1V l q f h {| pd{lpl}hv
:x|  x￿ rq E￿+s,/i r uw 5 +k4>k`/ lw iroorzv iurp wkh txdvl0frqfdylw| ri x￿ wkdw vr
grhv  {￿1W k x v+s>+ {￿,￿MM, lv d ZH1
816 Zlwkrxw Srvlwlylw| ri Hqgrzphqwv
Ohw xv uhwxuq wr wkh fdvh ri frqfdyh xwlolwlhv/ exw qrz uhsodfh h￿   3 zlwk h￿ A 3
dqg
S
￿MM h￿   31 Zhuh zh wr dvvxph luuhgxflelolw|/ zh frxog hdvlo| prgli| rxu
dujxphqw wr rewdlq ZH lq wkh olplw1 Zlwkrxw vxfk dq dvvxpswlrq/ zkdw gr zh jhwB
Lw lv hdv| wr vhh wkdw WVQH vwloo h{lvw lq +P,/v l q f hz hq h y h ux v h gh￿   3 lq wkdw
sduw ri wkh dujxphqw1 Lqghhg wkh frqyhujhqfh ri WVQH dv P $4surfhhghg doo wkh




￿MM h￿ dqg s{￿ @ sh￿ iru doo k 5 K
zlwkrxw lqyrnlqj h￿   31Z h r q o | q h h g h g h￿   3 wr vkrz wkdw x￿+{￿,  x￿+|,
iru doo | 5 E￿+s,1 Zlwkrxw wkh k|srwkhvlv h￿   3/ zh fdq vkrz wkdw wklv lv vr iru
| 5 E￿
W+s,/z k h u hE￿
W+s, lv wkh vhw ri vwudwlhg exgjhw0ihdvleoh frqvxpswlrq exqgohv1
Khuh frpprglwlhv duh sduwlwlrqhg lqwr vhwv +vwudwd, O @ O￿ ^^O& dqg lw lv
xqghuvwrrg wkdw frpprglwlhv lq O￿n￿ duh lqqlwho| pruh ydoxdeoh wkdq wkrvh lq O￿
+l1h1/ O￿n￿ lv d kljkhu vwudwd wkdq O￿,> ru/ wr sxw lw dqrwkhu zd|/ wkh prqh| lqyroyhg
lq wkh wudgh ri O￿n￿ kdv dq h{fkdqjh udwh ri lqqlw|/ uhodwlyh wr wkh prqh| ri O￿1
Ohw +k,  pd{￿ih￿
￿ A 3 iru vrph c 5 O￿j1W k h q E￿
W+s,@i{ 5 U￿





￿Mu￿E￿￿ s￿+{￿  h￿
￿,  3j1
Dvvxph zh kdyh d frqyhujhqw vxevhtxhqfh ri WVQH/ zlwk s￿+P,@s￿+P, frq0
y h u j l q js r v v l e o |w r} h u rr ul q  q l w | 1 G h  q hc wr eh lq wkh vdph vwudwd dv m li 3 ?
olp￿<" s￿+P,@s￿+P, ? 4> dqg wr eh lq d kljkhu vwudwd wkdq m li olp￿<" s￿+P,@s￿+P,@
41 Wkhq zh rewdlq d vwudwlfdwlrq ri wkh frpprglwlhv1 Iru hdfk vwudwd  dqg c 5 O￿/
ghqh s￿ @ olp^s￿+P,@
S
￿Mu￿ s￿+P,`1 Lw lv hdv| wr vhh wkdw/ zlwk wkhvh sulfhv/ zh
kdyh d vwudwlhg ZH1
9 Ilqlwho| Pdq| Djhqwv
Zh dvvxphg d frqwlqxxp ri djhqwv wr hdvh wkh wudqvlwlrq iurp QH wr ZH1 Exw rxu
dujxphqw zrunv htxdoo| zhoo zkhq wkhuh lv d qlwh vhw ri djhqwv frqyhujlqj wr d
frqwlqxxp1 Iluvw/ QH h{lvw lq wkh qlwh fdvh/ rqfh djdlq e| Qdvk*v surri1 +Wkh rqo|





`, h￿ lv frqfdyh lq
e￿
￿/ dqg wkhq vr lv x￿+{￿+===e￿===,, lq e￿/x v l q jw k hi d f ww k d wx￿ lv erwk frqfdyh dqg
prqrwrqlf1, Zh pryh wrzdugv wkh frqwlqxxp e| frqvlghulqj n uhsolfdv iru hdfk
k 5 K @ i4>===>Kj/ doo ri zkrp kdyh wkh vdph hqgrzphqwv dqg suhihuhqfhv dv k1
Wklv |lhogv wkh jdph &+P, zlwk nK djhqwv1 E| wkh vwdqgdug v|pphwul}dwlrq ri
Qdvk*v dujxphqw/ d WVQH h{lvwv lq &+P,1 Zh wdnh n @ P dqg frqvlghu d vhtxhqfh
ri WVQH ri ￿+P,/ P $4 1 Dv ehiruh/ vrph w|sh pxvw uxq d vxusoxv/ dqg doo P
djhqwv ri wkdw w|sh elg P +vlqfh rxwfrph lv vwulfwo| prqrwrqlf lq elgv,1 Vr wrwdo
h{shqglwxuhv duh ri wkh rughu ri P  P @ P2/ dqg vlqfh wrwdo h{shqglwxuhv htxdo
O.s+P,P
S
￿ h￿/l wi r o o r z vw k d wmms+P,m m$4dv idvw dv P1 Pruhryhu wkh ghidxowv
g￿+P, vwd| erxqghg dv ehiruh/ zklfk lpsolhv wkdw wkhuh h{lvwv d vxevhtxhqfh ri WVQH
zkrvh frqvxpswlrqv dqg qrupdol}hg sulfhv ++{￿+P,￿MM>s+P,@mms+P,mm, frqyhujh wr
;++{￿,￿MM>s,/z l w ks  {￿ @ s  h￿ iru doo k 5 K1
Lw rqo| uhpdlqv wr fkhfn wkdw li s  |  s  h￿/w k h qx￿+|,  x￿+{￿,1W k l v /
lq wxuq/ zloo iroorz li zh fdq vkrz wkdw | lv ihdvleoh7 iru dq| djhqw ri w|sh k lq
￿+P, zlwkrxw lqfxuulqj ghidxow/ iru dq| 3 ??4 dqg odujh hqrxjk P1O h w
On @ ic 5 O = s￿ A 3j dqg Of @ ic 5 O = s￿ @3 j1 Iru doo c 5 On/ wkh wrwdo elg rq
c lv jurzlqj olnh P21V rd qd j h q wr iw | s hk kdv qhjoljleoh +shufhqwdjh, lq xhqfh rq
s￿+P, e| xqlodwhudoo| ydu|lqj klv elg ehwzhhq 3 dqg P rq dq| frpprglw| c 5 On
+iru odujh hqrxjk P,1 Il{ 4 A ￿￿ A ￿ A /d q go h ww k hd j h q we l g￿|￿s￿+P, iru
hyhu| c 5 On lq ￿+P,1 Iru odujh P/ kh zloo dftxluh dw ohdvw |￿ yld wklv elg1
Pruhryhu kh zloo eh ohiw zlwk dw ohdvw +4￿￿,s+P,h￿ pruh prqh| wr elg rq c 5 Of/
zlwkrxw ghidxowlqj1 +Wklv lv vr vlqfh kh zdv elgglqj s+P,  {￿+P, zlwk ghidxow
g￿+P,@mms+P,mm $ 3/ dqg vlqfh s+P,  {￿+P,@s+P,  h￿ $ 4,1 Iru hdfk c 5 Of/
s￿+P,@P $ 31 Khqfh wkh wrwdo elg  e￿+P, rq c vdwlvhv  e￿+P,@+P h￿,P $ 31E |
elgglqj ￿+P,@+ 4 @&Of,+4  ￿￿,s+P,  h￿ +zklfk lv ri wkh rughu ri P,/ wkh djhqw
dftxluhv dw ohdvw }￿+P,  ￿+P,@^￿+P,. e￿+P,`P h￿1V l q f h ￿+P,P lv ri rughu
P2/ ￿+P,P@ e￿+P, $4 1W k x v}￿+P, $4dv P $4 / zklfk lv fhuwdlqo| juhdwhu
wkdq |￿1 Wklv vkrzv wkdw wkh djhqw ri w|sh k fdq dftxluh frqvxpswlrq dw ohdvw dv
elj dv | +iru odujh hqrxjk P,/ zlwkrxw lqfxuulqj ghidxow/ surylqj wkdw ++{￿,￿MM>s,
lv d ZH1
7L1h1/ ihdvleoh yld xqlodwhudo ghyldwlrq dw wkh WVQH ri K￿E1
<Uhihuhqfhv
^4` Dplu/ U1/ V1 Vdkl/ P1 Vkxeln/ dqg V1 \dr/ 4<<31 D Vwudwhjlf Pdunhw Jdph zlwk
Frpsohwh Pdunhwv/ Mrxuqdo ri Hfrqrplf Wkhru|/ 84+4,1
^5` Duurz/ N1M1 dqg J1 Gheuhx/ 4<871 H{lvwhqfh ri dq Htxloleulxp iru d Frpshwlwlyh
Hfrqrp|/ Hfrqrphwulfd/ 88= 598<31
^6` Ehuwudqg/ M1/ 4;;61 Wkìrulh Pdwkìpdwltxh gh od Ulfkhvvh Vrfldoh/ Mrxuqdo gh
Vdydqwv/ 7<<83;1
^7` Frxuqrw/ D1/ 4;6;1 Uhfkhufkhv vxu ohv Sulqflshv Pdwkìpdwltxhv gh od Wkìrulh
ghv Ulfkhvvhv1 Hqjolvk hg1/ Q1 Edfrq/ hg1/ Uhvhdufkhv lqwr wkh Pdwkhpdwlfdo
Sulqflsohv ri wkh Wkhru| ri Zhdowk1 Qhz \run= Pdfploodq/ 4;<:1
^8` Gheuhx/ J1/ 4<851 D Vrfldo Htxloleulxp H{lvwhqfh Wkhruhp/ Surfhhglqjv ri
wkh Qdwlrqdo Dfdghp| ri Vflhqfhv/ 6;= ;;9<61
^9` Gheuhx/ J1/ 4<951 Qhz Frqfhswv dqg Whfkqltxhv iru Htxloleulxp Dqdo|vlv/
Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6= 58::61
^:` Gxeh|/ S1 dqg O1V1 Vkdsoh|/ 4<<71 Qrq0frrshudwlyh Jhqhudo H{fkdqjh zlwk d
Frqwlqxxp ri Wudghuv= Wzr Prghov/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 56=
5865<61
^;` Gxeh|/ S1/ 4<;51 Sulfh0Txdqwlw| Vwudwhjlf Pdunhw Jdphv/ Hfrqrphwulfd 83=
4444591
^<` Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 53341 Lqvlgh dqg Rxwvlgh Prqh|/ Jdlqv wr Wudgh
dqg LV0OP/ Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 458:U/ \doh Xqlyhuvlw|/
iruwkfrplqj lq Hfrqrplf Wkhru|1
^43` Kxuzlf}/ O1/ 4<:<1 Rxwfrph Ixqfwlrqv \lhoglqj Zdoudvldq dqg Olqgkdo Doorfd0
wlrqv dw Qdvk Htxloleulxp Srlqwv/ Uhylhz ri Hfrqrplf Vwxglhv/ 79/ 54:5:1
^44` Md|qhv/ M1/ P1 Rnxqr/ dqg G1 Vfkphlgohu/ 4<:;1 H!flhqf| lq dq Dwrpohvv
Hfrqrp| zlwk Ildw Prqh|/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 4<= 47<8:1
^45` Qdvk/ Mrkq I1/ 4<831 Htxloleulxp Srlqwv lq Q0Shuvrq Jdphv/Surfhhglqjv ri
wkh Qdwlrqdo Dfdghp| ri Vflhqfhv/ 69= 7;7<1
^46` Shfn/ M1 dqg N1 Vkhoo/ 4<;81 Pdunhw Xqfhuwdlqw|= Vxqvsrw Htxloleuld lq Lpshu0
ihfwo| Frpshwlwlyh Hfrqrplhv/ FDUHVV Zrunlqj Sdshu Z1S1 &;80541
^47` Srvwohzdlwh/ D1 dqg G1 Vfkphlgohu/ 4<:;1 Dssur{lpdwh H!flhqf| ri Qrq0
Zdoudvldq Qdvk Htxloleuld/ Hfrqrphwulfd/ 79/ 45:6:1
^48` Vdkl/ V1 dqg V1 \dr/ 4<;<1 Wkh Qrqfrrshudwlyh Htxloleuld ri d Wudglqj Hfrq0
rp| zlwk Frpsohwh Pdunhwv dqg Frqvlvwhqw Sulfhv/ Mrxuqdo ri Pdwkhpdwlfdo
Hfrqrplfv/ 4;= 6586791
43^49` Vfkphlgohu/ G1/ 4<;31 Zdoudvldq Dqdo|vlv yld Vwudwhjlf Rxwfrph Ixqfwlrqv/
Hfrqrphwulfd/ 7;+:,= 48;8<61
^4:` Vkdsoh|/ O1V1/ 4<:91 Qrq0frrshudwlyh Jhqhudo H{fkdqjh/ lq V1D1\1 Olq +hg1,/
Wkhru| ri Phdvxuhphqw ri Hfrqrplf H{whuqdolwlhv1 Qhz \run= Dfdghplf Suhvv1
^4;` Vkdsoh|/ O1V1 dqg P1 Vkxeln/ 4<::1 Wudgh Xvlqj Rqh Frpprglw| dv d Phdqv
ri Sd|phqw/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;8= <6:9;1
^4<` Vkxeln/ P1/ 4<:61 Frpprglw| Prqh|/ Roljrsro|/ Fuhglw/ dqg Edqnuxswf| lq d
Jhqhudo Htxloleulxp Prgho/ Zhvwhuq Hfrqrplf Mrxuqdo/ 44= 576;1
^53` Vkxeln/ P1 dqg F1 Zlovrq/ 4<::1 Wkh Rswlpdo Edqnuxswf| Uxoh lq d Wudglqj
Hfrqrp| Xvlqj Ildw Prqh|/* ]hlwvfkuliw i u Qdwlrqdoùnrqrplh/ 66:6871
^54` Vrulq/ V1/ 4<<9/ Vwudwhjlf Pdunhw Jdphv zlwk H{fkdqjh Udwhv/ Mrxuqdo ri
Hfrqrplf Wkhru| 9<= 7647791
44